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Note: a) Answer any FIVE full questions b) All questions carry equal marks 

 
1A. Define cyclic group. Prove that if a  G, the set H = {an  a  Z} is a subgroup of G and is the          

       smallest subgroup of G contains a.     

1B. Prove that every group is isomorphic to a subgroup of A(S) for some appropriate set S.   

1C. Define Euclidean domain and give an example of Euclidean domain.  State and prove unique  

       factorization theorem.  

(3 + 3+ 4) 

2A. Prove that a finite integral domain is a field.  Verify whether (Z12, +, ) an integral domain.   

2B. If R is a commutative ring with unit element and P is an ideal of R, then P is prime if and only if   

      R/P is an integral domain. What are the prime ideals in the ring of integers?  

2C. State and prove third part of Sylow’s theorem.  

(3 + 3+ 4) 

 
3A. State and prove Gauss lemma for polynomial rings over rational field.  

3B. Let f be a homomorphism of group G onto group G1 with kernel K.  Prove that kernal is a normal  

       subgroup and show that G/K  G1.  

3C. State the Eisenstein criteria for irreducibility.  Verify the irreducibility of the polynomial 25x5 – 9x4  

       + 3x2 -12 over rational filed.  Show that x2 + 1 is irreducible in Z3[x].  

 

(3 + 3+ 4) 

4A. If G is a finite group, then prove that 𝐶𝑎 =  
𝑂(𝐺)

𝑂(𝑁(𝑎))
= 𝑖(𝑁(𝑎)).  

4B. Let G be a group of order pq where p and q are primes and p > q.  If a  G is of order p and A is the   

       subgroup of G generated by a, then prove that A is a normal subgroup of G.   

4C.  Let G be a group. Define a * x = axa-1 for all a, x  G.  Verify whether G is a G-set?   

       Also, prove that Gx with usual notation, is a subgroup of G for each x  X, where X is a G-set.   

(3 + 3+ 4) 
5A. Define group action on a set. Let G be a finite group and X a finite G-set.  If r is the number of orbits  

       in X under G, then prove that r  G  = ∑ |𝑋𝑔. |𝑔∈𝐺      

5B. Find order of the given element in the direct product: 

(i) (2, 4) in Z4  Z12 

(ii) (3, 6) in Z6  Z15 

(iii) (2, 6, 12, 16) in Z4  Z12  Z20  Z24             

5C. Find the order of (2, 1) + <(1, 1)> in (Z3  Z6)/<(1, 1)>.  Let G be a finitely generated abelian group   

      with generating {a1, a2, …, an}.  Show that there is a homomorphism of Z  Z  … Z onto G.  

                                                                                                                                                  (3 + 3 + 4) 
6A. Prove that any two p-Sylow subgroups of G are conjugate.      

6B. Prove that M is a left R- module if and only if there exists a homomorphism of rings R and EndZ(M).   
6C. Let R be an integral domain and M be an R module.  Prove that the subset T  M of all torsion   

       elements is a submodule of M such that M/T is torsion free.                                             
(3 + 3+ 4)

 


