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Note:  Answer any FIVE full questions.  

1. (a)  With usual notation show that the Ramsey number 𝑅(𝑚, 𝑛) satisfies the      

         relation 𝑅(𝑚, 𝑛) ≤ 𝑅(𝑚 − 1, 𝑛) + 𝑅(𝑚, 𝑛 − 1). Hence show that     

         𝑅(𝑚, 𝑛) ≤ 𝑚+𝑛−2𝐶 𝑚−1.       (4) 

(b)   Let 𝐺1be a (𝑝1, 𝑞1) and 𝐺2be a (𝑝2, 𝑞2) graphs. Then find number of vertices      

              and edges in (i) 𝐺1 × 𝐺2  (ii) 𝐺1[𝐺2].    (3) 

(c)   With usual notation prove that 𝑘(𝐺) ≤ 𝜆(𝐺) ≤ 𝛿(𝐺).   (3) 

2.  (a)   Let G be a (𝑝, 𝑞) graph. Then show that the maximum value of when G does     

         not contain any triangle is [
𝑝2

4
].      (4) 

 (b)  Show that a graph G with 𝑝 ≥ 3 vertices is 2-connected if and only if any two  

                  vertices of G are connected by atleast two internally disjoint paths.  (3) 

 (c)  If G is a connected graph on 𝑝(≥ 3) vertices with 𝛿(𝐺) ≥
𝑝

2⁄ , then show that  

                   G is Hamiltonian.        (3) 

        3.   (a)  Let 𝑊 be the set of all vertices if degree (𝑝 − 1) in a graph G of order p,  

                    where p is even. Show that G has a perfect matching if the number of odd  

                    components of (𝐺 − 𝑊) does not exceed |𝑊| and if every component of  

                    (𝐺 − 𝑊) is complete.        (4) 

(b) Let G be a bipartite graph with bipartition (𝑋, 𝑌). Then show that G contains 

a matching that saturates every vertex of 𝑋 if and only if  

|𝑁(𝑆)| ≥ |𝑆| for all 𝑆 ⊆ 𝑋.        (3)  

(c) Show that the Ramsey number 𝑟(𝑘, 𝑘) satisfies the inequality  
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𝑟(𝑘, 𝑘) ≥ 2
𝑘

2.                            (3) 

4. (a)  Let G be a tree and 𝑄𝑛(𝐺) be the reduced 0,1, −1 incidence matrix obtained 

by deleting the last row of the 0,1, −1 incidence matrix 𝑄(𝐺). Let 𝑃𝑛(𝐺) be the 

path matrix where 𝑖𝑡ℎ column corresponds to the path vector of the path from the 

vertex 𝑖 to the vertex 𝑛, where 𝑛  is a fixed vertex corresponds to the last row of 

𝑄(𝐺). Then show that 𝑃𝑛(𝐺)is inverse of 𝑄𝑛(𝐺).     (4) 

           (b)  Show that the adjacency matrix of a bipartite graph is totally unimodular. (3) 

(c)  If G is simple graph then the chromatic polynomial 𝜋𝑘(𝐺) satisfies the     

 relation  𝜋𝑘(𝐺) = 𝜋𝑘(𝐺 − 𝑒) − 𝜋𝑘(𝐺. 𝑒). And hence show that if G is a tree   

 on n vertices, then  𝜋𝑘(𝐺) = 𝑘(𝑘 − 1)𝑛−1.        (3) 

 5.  (a)   Let G be a graph and 𝑆 ⊆ 𝑉(𝐺). Define complements of G. Show that every  

                    critical graph is a block.        (4) 

 (b)    Show that 𝐾5 and 𝐾3,3 are non planar.     (3) 

            (c).  Define the 0,1, −1 incidence matrix 𝑄(𝐺) of a graph G with an example.    

                     Show that, if G a (𝑝, 𝑞) graph then rank of 𝑄(𝐺) is 𝑝 − 1.   (3) 

6. (a)    With usual notation show that  

 (i)  2√𝑝 ≤ 𝜒 + 𝜒̅ ≤ 𝑝 + 1 

 (𝑖𝑖) 𝑝 ≤ 𝜒𝜒̅ ≤ (
𝑝+1

2
)

2
.        (4) 

            (b)  show that a connected graph is isomorphic to its line graph if and only if it is a  

             cycle.                     (3) 

            (c) For any (𝑝, 𝑞) graph G with line graph 𝐿(𝐺), show that 

            𝐴(𝐿(𝐺)) = 𝐵𝑇𝐵 − 2𝐼𝑞 where 𝐵 is the (0,1) incidence matrix of G   

            and 𝐴(𝐿(𝐺)) is the adjacency matrix of 𝐿(𝐺).               (3) 
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