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1A. In  topological  space (X, τ),  A is a subset of X  then  prove that   

 (i) A A iff A is open       where   A is boundary points of A. 

              
( )ii A A iff A is closed   

1B. In a topological space (X, τ)  if A and B are subsets of X then show that                                   

             
  ooo BABA 

      

1C. 
 If  A ⊂ Y  where  (Y, τy)  is  a  subspace  of   (X, τ)  then  show that  A is  τy  - closed   

 

iff   A  is  the intersection of   Y   and   τ – closed  set.                                                (3 + 3 + 4) 
 

2A. For  the  T1 space   (X, τ),    E ⊂ X.  Prove  that  a point x in X is a limit point  of  E  then  every  

open set containing  x  contains  infinitely  many  points  of  E. 

2B. If A, B  are subsets  of  a  topological space  (X, τ)  and  d(A)  is  the derived  set of  A  then 

prove that  ( ) ( ) ( )d A B d A d B   .                

2C. If f  is function from a topological space X onto a topological space Y then following statements 

are equivalent : 

(i) f  is a homeomorphism 

(ii) f  is continuous, one-one, onto and an open mapping 

(iii) f  is continuous, one-one, onto and an closed mapping                                   (3 + 3 + 4) 

 

3A. In topological space  (X, τ)  a subfamily β of τ is a base for τ iff for each member U  of τ and 

each point  x ϵ U, there is a member B in β such that  xϵB and   B ⊂ U. 
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3B. Prove that continuous image of a compact set is compact. 

3C. State and prove   Baire’ s   Category  theorem.                                                         (3 + 3 + 4). 

4A.  For any two vectors x and y in a Banach space, prove that x y x y .      Hence deduce 

that the norm is a continuous function. 

4B.  For the normed linear spaces N and N, consider the normed linear space B(N, N) of all 

continuous linear transformations of N into N with the norm defined by 

 T sup T(x) : x 1 .   If N is complete, then show that the normed linear space B(N, N) 

is also complete. 

4C.  Let N and N be normed linear spaces and T be a linear transformation of N into N. Show that 

there exists a real number K  0 with the property that T(x) K x ,   for every x N if and 

only if T(S) is a bounded set in N, where  S x : x 1  is the closed unit sphere in N. 

(3 + 3 + 4). 

5A.  State and prove Hahn-Banach theorem. 

5B.  If B and B are Banach spaces, and if T is a continuous linear transformation of B into B, then 

show that T is an open mapping.   

5C.  Show that a closed convex subset C of a Hilbert space H contains a unique vector of smallest 

norm.                  

 (3 + 3 + 4). 

6A.  Show that an operator T on a complex Hilbert space H is self adjoint if and only if <Tx, x> is 

real for all x in H. 

6B.  If T* denotes the adjoint of an operator T on a Hilbert space H, show that 

 (i) (T1+T2)* = T1
*+T2*  (ii)T** = T   (iii) ||T*||=||T||. 

6C.  If x and y are any two vectors in a Hilbert space, then show that |<x, y>|  ‖x‖ ‖y‖.   

(3 + 3 + 4). 
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