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Note: (i) Answer ALL questions; (ii) Draw diagrams, and write equations wherever necessary

1A. Draw the lattice of the subgroups of Ds. Further, find the subgroups containing <r>
and the subgroups contain <rs> where r is the rotation and s is the reflections of the
n = 4-gon.

1B. Prove that in a UFD every irreducible element is prime.
1C. Suppose that K is a finite extension of F with dime K = n. Letu € K. Then prove that
there exists aw, ..., an € F (not all zero) such that oo + oqu + ... + anu" = 0. Hence prove
K is an algebraic extension of F.

(3+3+4)

2A. Prove that a finite integral domain is a field. What are the units in Gassian ring of
integers?

2B. Define a prime polynomial. Prove that if the primitive polynomial f(x) can be factored
as the product of two polynomials having rational coefficients, then it can be factored as
the product of two polynomials having integer coefficients.

2C. Prove that every Euclidean domain is a PID (with 1). Is the converse true? Justify !
(3+3+14)

3A. Let H and N be subgroups of G, and N is normal. Prove that H/(H n N) is isomorphic

to HN/N.

3B. Find order of (2, 8) in Zs x Z12, and the order of (3, 8, 12, 16) in ZsxZ12 xZ20 xZ2a.

Also find the order of the subgroup generated by {(0, 2), (2, 4)} in Z4 x Z1>.

3C. Prove that the Aut (G) of all automorphisms of a group G is group under composition

of mappings and Inn (G) is a normal subgroup of Aut (G). Moreover % = Inn(G).

(3+3+4)
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4A. Let G be a finite group of order p" where p is a prime number and n > 0. Prove that
G has a non-trivial center.
4B. Let N be a subgroup of G. Prove that the following are equivalent:

a) Nisnormalin G

b) (XN) (yN) = (xyN) forall x,y € G.

4C. Define a primitive polynomial and prove that product of two primitive polynomials is
again a primitive polynomial.

(3 + 3+ 4)

5A. Let G be a group acting on a set S. Prove that G acts on itself by conjugation
x — gxgl. Also prove that Gs, the stabilizer is a subgroup of G.

5B. Prove that if H and K are finite subgroups of a group G then | HK | = HIIK]

|HNK|
5C. If p is a prime number and p* | O(G), a is positive integer then prove that G has a
subgroup of order p.

(3+3+4)
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