Signals and Systems (ECE - 2155, BME-2155)

1. Elementary signals

Name Continuous time Discrete time
Impulse function 6(t)=0,t+0 _(1L,n=20
8ln] = {O,n %0
Unit step function _(Lt=0 _(Ln=0
u(t)_{o,t< 0 u[n]_{o,n<0
Ramp _(tt=0 _mn=0
r(t)_{o,t<0 rin] _{0,n<0
Exponential x(t) = e x[n] = a™
Sinusoid x(t) = sin(wt + ¢p) x[n] = sin(Qn + 9)
Sinc function ) sin(mwgyt) _ sin(mQgyn)
sinc(wyt) = ——— sinc[Qon] = ———
Twot mQon
Rectangular pulse _ {1, [t] < T, _ {1, In| <M
x(t) = 0,|t] > T, x[n] = 0, otherwise
Triangular pulse t n
gular pu A(£>={1—|;|,tslfl A[ﬁ]z{l—%,lnISN
T 0,t > |7] N 0, otherwise

2. Important properties of signals

Properties

Name

Continuous time

Discrete time

Impulse properties

f 6()dt=1
f x(t)8(t — ty)dt = x(t,)

x(t)8(t — to) = x(to)5(t — to)

6(at) = i6(1:)
lal

x[n]8[n —nel = x[nel8[n — nel




xe(t) = x.(=t)

xo(8) = —x,(=1) xo[n] = —x,[—n]
Even and Odd x(t) + x(—t) x[n] + x[—n]
symmetry x,(t) = - 2 Xe[n] = 2
x(t) —x(=t) x[n] — x[-n]
X () =00 xoln] = 5
Energy of non- e >
periodic signals E= f [x(t)]%dt E = Z |x[n]|?
t=—0o n=-—oco
Average Power of 1 T/2 1=
periodic signals pP= - lx()|? dt P = N z |x[n]]?
t=-T/2 n=0
Linear combination N N
of M signals Z a;x;(t) Z a;x;[n]
i=1 i=1
Convolution < d
between two non- | x,(t) * x,(t) = f x1(Dx,(t —1)dr | x1[n] *xz[n] = Z x1[k]xy[n — k]
periodic signals = k=—00

3. LTI system analysis

Name

Continuous time system
x(t) : input
y(t) : output

h(t) : impulse response

Discrete time system
x[n] : input
y[n] : output

h[n] : impulse response

Causality and stability

in-terms of Impulse
response

Causality: h(t) = 0,t <0

t

Stability:f |h(t)|dT < o

t=—00

memoryless: h(t) = c5(t)

Causality: h[n] = 0,n <0

n
stability: Z |h[n]| < o

n=-—oo

memoryless: h[n] = c6[n]

Response to any input

y() = x(t) * h(t)

y[n] = x[n] « hn]




Step response

s(t) = f @

m=—oo
Differential/Difference | & dk Mgk N M
equation description Z ag W}/(t) = Z bkﬁx(t) ;a9 # 0 z agy[n — k] = Z bpx[n —k];aq # 0
k=0 k=0 k=0 k=0
4. Geometric Series Formulas
1 M 1 — gM+1
a =
Z 1—a
n=0
2 > 1
a*=——, a<l1
)= la<l
n=0
3 f: , aMi — gMa+1
a =
1—
Tl=M1 a
M
4 Z MM +1)
B 2
n=1
5. Fourier representation of signals
Time domain representation Fourier representation
e Continuous
> " e Periodic 1 T/2 e Discrete
x(t) = Z X (k) elfewnt e Period=T, X(k) == x(t) e Jkwot gt | @ Non periodic
k=-oo Fundamental T t=2T/2 FS
frequency
a)0=27t/T
rad/sec
1 (® . e Continuous @ , e Continuous | FT
- i jot i — —jot
x(t) 2T fw:_ooX(]a))e da e Non-Periodic X(jw) -ft:_wx(t)e dé e Non periodic




e Discrete
e Periodic e Discrete
x[n] = Z X (k) e klon e Period=N, X(k) = — Z x[nle—ikQon | ® Periodic
ko= Fundamental (k) N = ] e Period=N DTFS
frequency "=
Qo=27/N rad
Vs . [e%s) .
; Discrete e Continuous
= jon * .
il =57 ) XML Non Periodic | X() = Z x[nle™™ | o Periodic DTFT
n=-oco e Period=2n
rad

6. Properties of Fourier Representations

6.1. Properties of Fourier Representation of Non-periodic signals

Property Continuous time signals Discrete time signals
Time domain Frequency domain (FT) Time domain Frequency domain
(DTFT)
Notation x(t) X(w) x[n] X(Q)
x; (t) X;i(w) x;[n] X;(Q)
Linearity N N N N
Z a;x;(t) Z a; X;(jw) Z a;x;[n] Z a; X;,(Q)
i=1 i=1 i=1 i=1
Time shifting x(t — to) e J@to X (jw) x[n —ng) e /o x(Q)
Frequency elVtx(t) X(jilw-1y)) e/™Mx[n] X@Q-TI)
shift
Time x(—t) X(—jw) x[—n] X(—9)
reversal
Correlation | 7, ., (7) X:(w)X,(—jw) Ty, x, L] X, ()X, (—Q)
= xl(g) * X% (=T) = x1[l] * x,[=]
Differentiation iwX(fw -- --
in time dt x(t) JoX ()
Differentiation —j d . —j d
in frequency jex(t) @X ) jrxin] EX )
Integration t X(w) , n X(Q)
egraion f  xdr ji) + 1X(10)5 () Z <0l S
m=—oo =
+rX(@ ) 50
m=—oo
— m2m)
Convolution x1 () * x,(t) X:(jw)X,(jw) x1[n] * x,[n] X;(Q)X,(Q)
Multiplication x, () x5 (t) ° x;[n]x,[n] 1
— f X, ()X, (j(w —9))do — f X, (DX,(Q — A)dA
2 o 2 .




x(t) real X*(jw) = X(—jw) x[n] real X(Q) =X(—Q)
Symmetry | x(t) imaginary X' (jw) = —X(—jw) x[n] imaginary X*(Q) = -X(—-Q)
x(t) real & even Im{X(jw)} =0 x[n] real & even m{X(Q)}=0
x(t) real & odd Re{X(jw)} =0 x(n) real & odd Re{X()} =0
Parseval’s bt 1 bt © 1 T
Theorer [ orac=— [ xGwras > nll =0 [ x@Pdo
21 21
t=—0o0 Q=—0o0 n=-oo wW=-T
Duality X(jt) —T 2nx(—w) x[n] &X(em)
X(e7t) 2 x[—K]

6.2. Properties of Fourier Representation of periodic signals:

, . . 2 .
Continuous time signal: Periodic, Period=T, Fundamental frequency w, = ?n radian/sec

Discrete time signal: Periodic, Period=N, Fundamental frequency Q, = %T radian

Property Continuous time signals Discrete time signals
Time domain Frequency domain Time domain Frequency domain
(FS) (DTFS)
Notation x(t) X(k) x[n] X (k)
x; (t) X; (k) xi[n] X; (k)
Linearity N N N N
z a;x;(t) Z a; X;(k) Z a;x;[n] Z a; X;(k)
i=1 i=1 =1 =1
Time shifting x(t —ty) e Jkwoto x (k) x[n —ng] e Jkmo x (k)
Frequency e/kowol x () X(k — ko) e/koony[n] X(k — ko)
shift
Differentiation d X(©) JkawoX (k) -- -
1n time dt
Convolution x4 (t) * x,(t) TX;(k)X,(k) x1[n] * x,[n] NX;(k)X,(k)
Multiplication x, () x5 (t) d x;[n]xy[n] N-1
PIRACT AT PR ACTACE)
l=—0o0 =0
x(t) real X" (k) = X(=k) x[n] real X" (k) = X(=k)
Symmetry | x(t) imaginary X*(k) = —=X(=k) | x[n] imaginary X*(k) = —X(=k)
x(t) real & even Im{X(k)} =0 x[n] real & even Im{X(k)} =0
x(t) real & odd Re{X(k)} =0 x[n] real & odd Re{X(k)} =0
Parseval’s 1 T o 1 N-1 N-1
Theorem 5 [xora =Y xor 5 D iz = ) IXGol?
=0 k=—o0 n=0 k=0
Duality x[n] DTFT X(e ja,) X[l DTFS; wy %x [—k]
X(e7t) s x[—k]




6.3. Relating different Fourier representations:

Let
FS; =2z
o(t) L, GIk]
DTFT
v[n] V(w)
21
DTFS; Qo="-
w(n] Wk]

6.3.1. FT representation for a continuous-time periodic signal

9(0) ———GGw) =2m ) Glkl 6w — ko)

k=—o

6.3.2. DTFT representation for a discrete-time periodic signal

DTFT

win] ——= . w(a) = 21 Z Wk] 5 - kay)

k=—o0

6.3.3 FT representation for a discrete-time periodic signal
oo

[ee)

> vl 6~ 1) Vo) = Y. vlnleon:

n=-—oo n=—oo

(Ts is a fixed number)

7. Sampling:

Continuous time signal x(t) with FT X(jw) is sampled at sampling interval T; to get x5(t)

n=-—oo S k=—0o0

xs(t) = i x[nT,] 8(¢ = nTy) —— Xy (jw) =Ti i X <J' (w—sz—f)>



8. Basic DTFS pairs

Time domain

Frequency domain

; 1 .
x(m) = ) X(eloon X =5 Y xln]e koo
k=<N> n=<nN>
21
Period = N Qo = N
1, <M
x[n] = Il N sin( %(ZM + 1))
0, M<|In|<—= X(k) =
2 e D)
x[n] = x[n + N] sin{k—

x[n] = e/Pon

1,k=p,ptN,pt2N
0, otherwise

x[n] = cos(pQyn)

,k=1p,+p+ N,+p + 2N

,otherwise

X(k) =

x[n] = sin(pQyn)

2j

a={y
-
X(k) = 4:1
\

25"
0, otherwise

x[n] =1 _{1,k—0,iN,i2N ......
| 0,otherwise
N X(k) = 1
xfnl = ) 8ln—pN] =N
p=-

9. Basic FS pairs

Time domain
[ee]

Frequency domain

x(t) = Z X (k)e kot

T

2

X(k)z% fx(t)e‘jk“’otdt

k=—o0
. t=—3
Period =T ~ o
= (T )
1,[t] < T, sin(kwoT,
== X0 = ===
x(t) = e/P@ot X(k) = 6[k —p]

x(t) = cos(pwyt)

X(0) =551k = p] + 5 5Tk + p]

x(t) = sin(pwyt)

X@)=%ﬂk—m—%ﬁw+m

x(t) = Z §(t — pT)

p=—o

X (k) =%




10. Basic DTFT pairs

Time domain

Frequency domain

T

[ee]

x(n) =—— N X(@e/Mdq X(Q) = z x[n]e=/on
“(L,Inl<M PNZES!
xIn] = {O,otherwise X(Q) = o [Q( QZ )]
sin (2)
x[n] =a™u[n], Jlal<1 _ 1
X(@) = 1—qge=J
x[n] = 8[n] X)) =1
x[n] = u[n]

1 [ee]
X(Q)=:Iijzjﬁi+'ﬂ 22 S(Q-—Zﬂp)

p=-o

1 L1 W . ..
x[n] = %Sin(Wn), o<W<m| X@= {O,LV|< Q<7 X(Q) is 27 periodic
x[n] = (n + 1)a™uln] _
X@) = (1 — ae/2)2
x[n] = cos(Qgyn) «

k=—o0

x[n] = sin(Qyn)

X(Q) = ’]—T z 5(Q — Qp — k2m) — 8(Q + Qg — k27)

k=—00

x[n] = e

X(Q) = 27 z 50— Qy — k2m)

k=—

x[n] = Z S(n —kN)

k=—c

X(Q) :ZW” z 5<n—k%”>

k=—o0

11. Basic FT pairs

Time domain

Frequency domain

[

=5 [ Xwedo | xGw) =[x
W=—00 t=—00
_(L]tl T, . _ 2sin(wT)y)
x(0) = {0, It] > T, XGoy=—3
1 . 1, <W
x(t) = ESin(Wt) X(jw) = {O, (l)(';)}llerwise
x(t) =6(t) X(w) =1
x(t) =1 X(jw) = 2n6(w)
x(t) = u(t)

X(w) = — + 76(w)
jw

x(t) = e *u(t) Refa}>0

1
a+jw

X(jw) =




x(t) = te™*u(t), Refa}>0

" @ oy
x()=edtl, a>0 .y 2@
X(o) a? + w?

1 2
x(t) = ——=e t/?
V2T

X(jw) = e /2

x(t) = cos(wgt)

X(jw) =n8(w — wy) + 18 (w + wy)

x(t) = sin(w,t)

X(jw) = ]36«» — W) — ]38((» + wo)

x(t) = ef®ot X(jw) = 218 (w — wg)
[ ) = -
x(t) = Z 5(t —nTy) X(ja))=T—7T Z 6<w_kT_n>
n=-—o S k=—o S

12. Some common Laplace transform pairs:

Signal Transform
o+joo ©
x(t) = L f X(s)eStds X(s) = j x(t)estdt | ROC
2nj ) et oo
g—joo =
u(t) 1 Re{s} >0
s
—u(—t) 1 Re{s} <0
s
tu(t) 1 Re{s} >0
s2
—tu(—t) 1 Re{s} <0
s
S(t—1) e st forall s
e %u(t) 1 Re{s} > —a
s+a
—e My (—t) 1 Re{s} < —a
s+a
te %u(t) 1 Re{s} > —a
(s +a)?
—te~*u(—t) 1 Re{s} < —a
(s +a)?
cos(wyt)u(t) S Re{s} >0
S? + wy?
sin(wot)u(t) Wo Re{s} >0
S? + wy?
e~ cos(wyt)u(t) sta Re{s} > —a
(s + a)? + wy?
e~ “sin(wyt)u(t) Wo Re{s} > —a
(s + a)? + wy?




13. Laplace Transform properties:

Unilateral Transform Bilateral Transform ROC
) x(t) *X(s) x(t) <—L>X(s) S € Ry
Signal Lu c SER,
y(t) e————Y(s) y(t) e———Y(s)
ax(t) aX(s) + bY(s) aX(s) + bY(s) atleast R, N R,
+ by(t)
x(t—1) e 5" X(s) e 5" X(s) R,
if x(t—tu(t) =x({t—1u(lt—1)
eSox(t) X(s —s;p) X(s —sp) R, + Re{sy}
x(at) ] 1 R
X(3) a>o X Q) [
x(t) * y(t) X($)Y(s) X($)Y(s) atleast R, N R,
ifx@®)=yt)=0 fort<0
—tx(t) d d R,
g X() X()
d sX(s) —x(07) sX(s) atleast R,
%x(t)
¢ N X(s) atleast R, N {Re{s} > 0}
1 X 7
.[ x(t)dt 5 f x(t)dr +g s

14. Some common z-Transform pairs

Signal x[n] Transform X(z)
1 (o]
x[n] = Z_njng(Z)Zﬂ_le X(z) = Z x[n]z™" ROC
n=—oo
6[n] 1 All z
uln] 1 |z] > 1
1—2z71
a™uln] 1 |z] > |al
1—az™1
nuln] z7t |z] > 1
(1—2z"1)2
na™uln] az ! |z| > |al
(1—az1)2
—u[-n —1] 1 |z] < 1
1—2z1
—a™u[-n —1] 1 |z] < |al
1—az1




—na™u[-n — 1] az™ ! |z] < |al
(1—az™1)2
cos[Qon]uln] 1—z"1cos(Qy) |z] > 1
1—2z"1cos(Q,) + z72
sin[Qqon]uln] z tsin(Q,)
1—2z"1cos(Q,) + z72
a™cos[Qon]uln] 1—az tcos(Qy) |z] > |al
1—2az"cos(Q,) + a?z=2
asin[Qyn]uln] az tsin(Q,) |z] > |al
1—2az"tcos(Qy) +a z~2
15. z-Transform Properties:
Property Time Domain z-Domain ROC
Notation x[n] X(2) ROC:r, < |z| <nry
x;[n] X;(2) ROC;
Linearity N N At least intersection of ROC;
a;x[n] Z a;X;lz]
i=1 i=1
That of X(z), except
Time shifting x[n — k] z %X (2) Z=0if k>0 and z = o0 if k<0
Scaling in z-domain ax[n] X(E) lalr, < |z| < |a|r,
a
- — -1 1 1
Time reversal x[—n] Xz S<lz<—
&1 2
Conjugation x*[n] X*(z") ROC
1 Includes ROC
Real part Re{x[n]} . X(2) + X*(29)] ncludes
i 1 Includes ROC
Imaginary part Im{x[n]} . X(2) — X*(29)] ncludes
- ——— d
]d)lffer.entlatlon inz nx[n] L rn<l|zl<n
omain dz
Convolution xq[n] * x,[n] X1(2)X,(2) atleast ROC; N ROC,
Multiplication 1 z atleast ry;ry; < |z| < ryyr
ultiplicati x,[n]x,[n] —.ng1(19))(2 (—)ﬂ‘ldﬂ ura < |zl < ryra
2mj Y
Initial value theorem | Ifx[n]is causal x[0] = lim X(2)
Z—00
el N Gy 1 (1Yo
Parseval’s relation z x1[n]x,*[n] = 2_7'[] X, (9)X, (1?)19 dd
n=—oo




