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ECE 3151: Analog and Digital Communication 

Time domain and frequency domain relationships for sampled signals 

 

 

Fourier Series Representation of Continuous-Time Periodic Signals 

 

Dirichlet Conditions: 

1.  x(t) is absolutely integrable over a period.  i.e.    dttx
T )(

)(  

2.  x(t) can have only finite number of maxima and minima over a period. 

3.  x(t) can have only a finite number of discontinuities in one period. 

 

Definition:  dt e tx
T

 a                   eatx
tjk 

T

k
tjk

k

k
00  −



−=
 == )(

1
)(

)(

 

   period lfundamenta == T    ;  
T

2
0


  
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Properties of Continuous-Time Fourier Series 

___________________________________________________________________________ 

Property   Signal   FS Coefficient 

___________________________________________________________________________

                          x(t), y(t)         ak, bk 

___________________________________________________________________________        

1. Linearity   Ax(t)+By(t)  Aak+Bbk 

2. Time shifting  x(t-t0)   k
tjk

a e 00−
 

3. Frequency Shifting ( )txe
tjM 0   Mka −  

4.  Time Reversal  x(-t)   ka −  

5. Time scaling  x(  t) ;  > 0  ak 

     period=T/  

6. Multiplication  x(t)y(t)   


−=

−=

m

mkmk b ac  

7. Differentiation  x(t) 
dt

d
   jk ka 0  

8. Integration   
−

t

dt tx )(   
0jk

ak ; a0=0 

9. Periodic Convolution  −

)(

)()(

T

dtyx   kk bTa  

10. Conjugation  x*(t)   a*−k 

___________________________________________________________________________ 

Parseval’s Relation     


=

==

-k

2

)(

2
  )(

1
k

T

adttx
T

P  

Fourier series (for periodic signals) 

( ) .

,,

2
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2
cos2)(

0

0

1 00

0

signalperiodictheistgand

valueDCtheisaamplitudesarebandafrequencylfundamentaofharmonicntheis
T
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Complex Fourier series 
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2
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Fourier Transform of Continuous-Time Signals 

______________________________________________________________________ 

Definition:  


−



−

− == 


  d )e jXx(t)                  dt etxjX t jt j (
2

1
)()(

______________________________________________________________________ 

Signal               Fourier Transform   

______________________________________________________________________ 

)(t      1 

1)( =tx     )(2   

t sgn      









=



0;0

0;
2




j  

 )(tu      )(
j

1



+  

0)( − a ; tue at    
ja

1

+
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ja −

1
 

ta
e
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22

2
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a
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




=

a t; 

at  
tx

0

;1
)(    









 

a  sin
2




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
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)2 0k k( a   

_____________________________________________________________________________ 

 

 

 

 



10 

 

Properties of Fourier Transform 

___________________________________________________________________________ 

Property   Signal   Fourier Transform 

    x(t), y(t)   X(j ), Y(j )    

___________________________________________________________________________ 

1. Linearity   Ax(t)+By(t)  AX(j )+BY(j ) 

2. Time shifting  x(t-t0)   ( )
jXe

tj 0−   

3. Frequency shifting ( )txe
tj 0   X(j( - 0 )) 

4. Scaling   x(at)   X(j 
a

1

a


) 

5. Time Reversal  x(-t)   X(-j ) 

6. Differentiation in time x(t) 
dt

d
  )x(j j   

7. Differentiation in  

 frequency    t x(t)   )X(j 
d

d
j 


 

8. Integration in time  
−

t

dttx )(   )()0()(
1




jXjX
j

+  

9. Duality   X(t)   2 ) x(  −  

10. Convolution  x(t)*y(t)  )()(  jYjX  

11. Modulation  x(t)y(t)   ( ) ( )( )


jYjX *
2

1
 

12. Conjugation  x*(t)   X*(-j )  

__________________________________________________________________________ 

Note: If integration is w.r.t frequency then  




−

−= dtftjtgfG )2exp()()(  ,   


−

= dfftjfGtg )2exp()()(   

Examples: 

1) 
fj

t


1
)sgn(   

2) 

a

fj

a
tueat

2
1

/1
)(

+

  
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3)
)(sin)( fctrect 

 

4) )(sin)( fTc
T

t
rect   

5) Autocorrelation of energy signal g(t)= 


−

−=  dtgtgRg )()()(  

6) )()()( fwherefR ggg   is energy spectral density 

 

7) Einsten-Weiner Khintchine relation(for power signals) 

 

 


−



−

−==  dfjRfsdffjfsR gggg )2exp()()()2exp()()(  

 

Parseval’s Relation      




djXdttx 


−



−

==
22

)(
2

1
   )(E  

 

Discrete-Time Fourier Series 

Definition:  x[n]= 
=



)(

0][

Nk

njk
 e kX   

=

−
=

)(

][
N

1
[k]

Nn

njk 0 e nxX  

   /N  20 =   period lfundamentaN =  

 

Parseval’s Relation       


==

==

)(

2

)(

2
X[k]  ][

N

1
P 

NkNn

nx  

 

) e Y(* ) e X( jj   = ( ) ( )( )
( )


−



 

2

deYeX jj  
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Parseval’s Relation       

==  


−=

deXnx j

n )2(

22
)(

2

1
  ][E




 

 

 

Parseval’s Formulae 

 

 

Continuous-Time Signal  

Fourier Representation Parseval’s Formula 

Periodic Power Signal  Fourier Series          P= 


=

=

-k

2

)(

2
  )(

1
k

T

adttx
T

 

==

==

−

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
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








−=

==



−



−

deXnxAperiodic

nx

lTime SignaDiscrete

djXdttxAperiodic

j

n

NkNn

)2(

22

)(

2

)(

2

22

)(
2

1
  ][E                                  DTFT               signalEnergy         

X[k]  ][
N

1
P                                  DTFS                signalPower            Periodic

)(
2

1
   )(E               TransformFourier                SignalEnergy        







 

 

 

Amplitude Modulation    )2cos())(1()( tftmkAts cac +=  

where, s(t) AM signal, m(t) corresponds to message signal and fc is the carrier frequency. 

 

Double side band suppressed carrier (DSB-SC) )().2cos()( tmtfAts cc =  

 

Frequency Modulation +=

t

fcc dttmktfAts
0

))(22cos()(   
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Bessel function The nth order Bessel function is denoted by dxeJ nxxj

n 
−

−=








 )sin(

2

1
)(  




−=

−

=









−
=

→→

n

n

n

n

n

n

n

allforJ

nJJJ

radiansofvaluessmallFor

oddnforJ

evennforJ
JfixedFor

JAs

.1)()4

1,0)(&
2

)(;1)(

3.0)3

,),(

,)(
)(,)2

0)(,)1

2

10

















 

 

Table of Bessel Functions 

 

β J0(β) J1(β) J2(β) J3(β) J4(β) J5(β) J6(β) J7(β) J8(β) J9(β) J10(β) 

0 1 0 0 0 0 0 0 0 0 0 0 

0.1 0.9975 0.0499 0.0012 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

0.2 0.9900 0.0995 0.0050 0.0002 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

0.3 0.9776 0.1483 0.0112 0.0006 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

0.4 0.9604 0.1960 0.0197 0.0013 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

0.5 0.9385 0.2423 0.0306 0.0026 0.0002 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

0.6 0.9120 0.2867 0.0437 0.0044 0.0003 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

0.7 0.8812 0.3290 0.0588 0.0069 0.0006 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

0.8 0.8463 0.3688 0.0758 0.0102 0.0010 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 

0.9 0.8075 0.4059 0.0946 0.0144 0.0016 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 

1 0.7652 0.4401 0.1149 0.0196 0.0025 0.0002 0.0000 0.0000 0.0000 0.0000 0.0000 

1.1 0.7196 0.4709 0.1366 0.0257 0.0036 0.0004 0.0000 0.0000 0.0000 0.0000 0.0000 

1.2 0.6711 0.4983 0.1593 0.0329 0.0050 0.0006 0.0001 0.0000 0.0000 0.0000 0.0000 

1.3 0.6201 0.5220 0.1830 0.0411 0.0068 0.0009 0.0001 0.0000 0.0000 0.0000 0.0000 

1.4 0.5669 0.5419 0.2074 0.0505 0.0091 0.0013 0.0002 0.0000 0.0000 0.0000 0.0000 

1.5 0.5118 0.5579 0.2321 0.0610 0.0118 0.0018 0.0002 0.0000 0.0000 0.0000 0.0000 

1.6 0.4554 0.5699 0.2570 0.0725 0.0150 0.0025 0.0003 0.0000 0.0000 0.0000 0.0000 

1.7 0.3980 0.5778 0.2817 0.0851 0.0188 0.0033 0.0005 0.0001 0.0000 0.0000 0.0000 

1.8 0.3400 0.5815 0.3061 0.0988 0.0232 0.0043 0.0007 0.0001 0.0000 0.0000 0.0000 

1.9 0.2818 0.5812 0.3299 0.1134 0.0283 0.0055 0.0009 0.0001 0.0000 0.0000 0.0000 

2 0.2239 0.5767 0.3528 0.1289 0.0340 0.0070 0.0012 0.0002 0.0000 0.0000 0.0000 

2.1 0.1666 0.5683 0.3746 0.1453 0.0405 0.0088 0.0016 0.0002 0.0000 0.0000 0.0000 

2.2 0.1104 0.5560 0.3951 0.1623 0.0476 0.0109 0.0021 0.0003 0.0000 0.0000 0.0000 

2.3 0.0555 0.5399 0.4139 0.1800 0.0556 0.0134 0.0027 0.0004 0.0001 0.0000 0.0000 

2.4 0.0025 0.5202 0.4310 0.1981 0.0643 0.0162 0.0034 0.0006 0.0001 0.0000 0.0000 

2.5 -0.0484 0.4971 0.4461 0.2166 0.0738 0.0195 0.0042 0.0008 0.0001 0.0000 0.0000 

2.6 -0.0968 0.4708 0.4590 0.2353 0.0840 0.0232 0.0052 0.0010 0.0002 0.0000 0.0000 

2.7 -0.1424 0.4416 0.4696 0.2540 0.0950 0.0274 0.0065 0.0013 0.0002 0.0000 0.0000 

2.8 -0.1850 0.4097 0.4777 0.2727 0.1067 0.0321 0.0079 0.0016 0.0003 0.0000 0.0000 

2.9 -0.2243 0.3754 0.4832 0.2911 0.1190 0.0373 0.0095 0.0020 0.0004 0.0001 0.0000 

3 -0.2601 0.3391 0.4861 0.3091 0.1320 0.0430 0.0114 0.0025 0.0005 0.0001 0.0000 

3.1 -0.2921 0.3009 0.4862 0.3264 0.1456 0.0493 0.0136 0.0031 0.0006 0.0001 0.0000 

3.2 -0.3202 0.2613 0.4835 0.3431 0.1597 0.0562 0.0160 0.0038 0.0008 0.0001 0.0000 

3.3 -0.3443 0.2207 0.4780 0.3588 0.1743 0.0637 0.0188 0.0047 0.0010 0.0002 0.0000 

3.4 -0.3643 0.1792 0.4697 0.3734 0.1892 0.0718 0.0219 0.0056 0.0012 0.0002 0.0000 
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3.5 -0.3801 0.1374 0.4586 0.3868 0.2044 0.0804 0.0254 0.0067 0.0015 0.0003 0.0001 

3.6 -0.3918 0.0955 0.4448 0.3988 0.2198 0.0897 0.0293 0.0080 0.0019 0.0004 0.0001 

3.7 -0.3992 0.0538 0.4283 0.4092 0.2353 0.0995 0.0336 0.0095 0.0023 0.0005 0.0001 

3.8 -0.4026 0.0128 0.4093 0.4180 0.2507 0.1098 0.0383 0.0112 0.0028 0.0006 0.0001 

3.9 -0.4018 -0.0272 0.3879 0.4250 0.2661 0.1207 0.0435 0.0130 0.0034 0.0008 0.0002 

4 -0.3971 -0.0660 0.3641 0.4302 0.2811 0.1321 0.0491 0.0152 0.0040 0.0009 0.0002 

4.1 -0.3887 -0.1033 0.3383 0.4333 0.2958 0.1439 0.0552 0.0176 0.0048 0.0011 0.0002 

4.2 -0.3766 -0.1386 0.3105 0.4344 0.3100 0.1561 0.0617 0.0202 0.0057 0.0014 0.0003 

4.3 -0.3610 -0.1719 0.2811 0.4333 0.3236 0.1687 0.0688 0.0232 0.0067 0.0017 0.0004 

4.4 -0.3423 -0.2028 0.2501 0.4301 0.3365 0.1816 0.0763 0.0264 0.0078 0.0020 0.0005 

4.5 -0.3205 -0.2311 0.2178 0.4247 0.3484 0.1947 0.0843 0.0300 0.0091 0.0024 0.0006 

4.6 -0.2961 -0.2566 0.1846 0.4171 0.3594 0.2080 0.0927 0.0340 0.0106 0.0029 0.0007 

4.7 -0.2693 -0.2791 0.1506 0.4072 0.3693 0.2214 0.1017 0.0382 0.0122 0.0034 0.0008 

4.8 -0.2404 -0.2985 0.1161 0.3952 0.3780 0.2347 0.1111 0.0429 0.0141 0.0040 0.0010 

4.9 -0.2097 -0.3147 0.0813 0.3811 0.3853 0.2480 0.1209 0.0479 0.0161 0.0047 0.0012 

5 -0.1776 -0.3276 0.0466 0.3648 0.3912 0.2611 0.1310 0.0534 0.0184 0.0055 0.0015 

 

 

 

 

Noise: Mean square value of thermal noise,   RkTBEVE nnTN 422 ==  

En = RMS Noise voltage   Bn = Noise bandwidth in Hz  

R=Resistance of conductor   K=Boltzmann’s constant= kJ /1038.1 23−  

 

Available thermal noise power, nn kTBP =  

 

Friss’s Formula: 
21

3

1

2
1

11

GG

F

G

F
FF

−
+

−
+=  

F=Overall noise factor             =321 ,, FFF Noise factor     G=power gain of 

amplifiers. 

 

Noise Temperature: 
21

3

1

2
1

GG

T

G

T
TT ee

ee ++=  

Where 321 ,, eee TTT are noise temperature of individual stages. 

 

Noise factor of a Lossy network=
outputtheatratiopowerNSavailable

inputtheatratiopowerNSavailable

/

/
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Gram-Schmidt Orthogonalization Procedure 

  

Let 𝑢⃗  and 𝑣  be two vectors, the projection of the vector 𝑣  on 𝑢⃗  is defined as follows:  

 

Consider a set of real-valued energy signals s1(t), s2(t), ……., sM(t). 

 

Energy of the signal s1(t), E1 = 
T

dtts
0

2

1 )( ,   with basis function 

1

1
1

)(
)(

E

ts
t = . 

The intermediate function is  


−

=

=−=
1

1

...2,1)()()(
i

j

jijii Mitststg   

where,  −==

T

jiij ijdtttss
0

1....2,1)()(   

In general, M-ary modulation scheme, ɸ1(t), ɸ2(t), ɸ3(t), ……… ɸN(t) are number of basis 

functions.         Ni

dttg

tg
t

T

i

i
i ...2,1

)(

)(
)(

0

2

==



   

Pulse Code Modulation 

No. of bits to represent each quantized level, m = log2L 

For, the given input random variables ‘X’ with zero mean, variance = σ2
X, quantization error 

‘Q’ with zero mean, variance = σ2
Q  

 

Output SNR, (SNR)0 = σX
2/ σQ

2   = σX
2/(Δ2/12) 

 

(SNR)0, dB = 1.8 + 6m   where ‘m’ → Minimum no. of bits needed to represent each sample  

  

Total no. of quantization levels, L = 2 │xmax│/ Δ = 2m 

Differential PCM 

(SNR)0 = (σ x
2 / σ E

2). (σ E
2 / σ Q

2) 

             = GP. (SNR)P  

σ E
2  
→ Variance of the prediction error, e(nTs) 
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(SNR)P → Prediction error-to-quantization noise ratio 

GP → Prediction gain produced by differential quantization 

 

Delta Modulation 

To avoid slope overload distortion, Δ/TS ≥ max |dx(t)/dt|   (or) Am ≤ Δ/ (2πfmTS) 

The output SNR, (SNR)0 = 3/(8π2fm
2TS

3W) 

Robust Quantization 

1. µ-law companding:    

𝑐(|𝑥|)

𝑥𝑚𝑎𝑥
=

ln (1+ µ
|𝑥|

𝑥𝑚𝑎𝑥
)

ln (1+ µ)
 ,  0 ≤ 

|𝑥|

𝑥𝑚𝑎𝑥
 ≤ 1 

  

x → input levels  µ → decides the amount of compression 

If ‘µ’ is increasing, the amount of compression increases. 

 

For µ=0 → No compression and it leads to Uniform Quantization 

 

In practical, PCM telephone systems in U.S, Canada, Japan uses µ = 255 

 

2. A-law companding: 

𝑐(|𝑥|)

𝑥𝑚𝑎𝑥
=

𝐴
|𝑥|

𝑥𝑚𝑎𝑥
)

1+ ln A
 ,  0 ≤ 

|𝑥|

𝑥𝑚𝑎𝑥
 <  

1

𝐴
 

          =
1+ ln (𝐴

|𝑥|

𝑥𝑚𝑎𝑥
)

1+ln A
 ,  

1

𝐴
 ≤ 

|𝑥|

𝑥𝑚𝑎𝑥
 ≤ 1 

  

For A = 1, it is uniform quantization 

 

In practical, PCM telephone systems in Europe uses A = 87.56 

 

Matched Filter Receiver 

The impulse response, hopt(t) = ɸ(T – t)  

 

The transfer function, Hopt(f) = ɸ*(f) exp(-j2πfT) 
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Properties of Matched Filter: 

 

1. Fourier transform of the filter output, ɸ0(t) = | ɸ(f)|2 exp(-j2πfT) 

 

2. Matched filter output, ɸ0(t) = Rɸ(t – T) 

Rɸ(t – T) → Autocorrelation funcion of the input ɸ(t) 

 

3. The output SNR, (SNR)0, max = E/ (N0/2) 

E  → Signal energy         N0/2  → PSD of white noise 

 

 

Digital Modulation techniques (table of error functions can be found on page 18) 

 

Coherent Binary PSK: The average probability error, Pe = ½ erfc[√(Eb/N0)] 

 

Coherent Binary FSK: The average probability error, Pe = ½ erfc[√(Eb/2N0)] 

 

Non-coherent Binary FSK: The average probability error, Pe = ½ exp[(-Eb/2N0)] 

 

The average probability error for DPSK, Pe = ½ exp[(-Eb/N0)] 

 

The average probability error for QPSK, Pe = erfc[√(Eb/N0)] 

erf(𝑢) =
2

√𝜋
∫ 𝑒−𝑧

2
𝑑𝑧

𝑢

0
  erf (𝑢) = 1 − 𝑒𝑟𝑓𝑐(𝑢)   for large positive 𝑢,  𝑒𝑟𝑓𝑐(𝑢) =

𝑒−𝑢
2

𝑢√𝜋
 

Power Spectra of Discrete PAM Signals 

The discrete amplitude-modulated pulse train is described as random process,  

           X(t) = ∑ 𝐴𝑘 𝑣(𝑡 − 𝑘𝑇)∞
𝑘=−∞    where Ak → discrete random variable  

             v(t) → basic pulse shape centered at ‘0’   T → Symbol duration 

Power Spectral Density 

For NRZ Unipolar format, SX(f) = (a2Tb /4)sinc2(fTb) + (a2/4) δ(f)  

δ(f) → Dirac delta function at f = 0 

sinc(fTb) = 0  at f = ±1/Tb, ±1/2Tb,……… 
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For NRZ Polar format,  SX(f) =  a2Tb sinc2(fTb) 

 

For NRZ Bipolar format, SX(f) =  a2Tb sinc2(fTb)sin2(πfTb) 

 

Manchester format, SX(f) =  a2Tb sinc2(fTb/2)sin2(πfTb/2) 

 

Intersymbol Interference (ISI) 

Nyquist criterion for distortion less baseband transmission in the absence of noise and for ISI 

= 0 is  

∑ 𝑃(𝑓 − 𝑛𝑅𝑏) = 𝑇𝑏

∞

𝑛= −∞

 

    

Pδ(f) is Fourier of an infinite periodic sequence of delta functions of period ‘Tb’ 

 

Information Theory (all logarithms are to the base 2) 

The amount of information contained in symbol ‘Sk’ is I(Sk) = log(1/pk) 

‘pk’ → probability of occurance of symbol ‘Sk’ 

 

For ‘N’ message symbols, Entropy(H) = ∑𝑁𝑘=0 pklog(1/pk)  bits/symbol 

For the given two random variable X, Y 

The joint entropy,  

 

The marginal entropies are  

 

 

Conditional entropies are 
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The different entropies are related as  

   

            

    

The mutual information is given as  

 

 

For a discrete memoryless source, coding efficiency, ɳ = H(X)/ Lavg 

H(X)  → entropy    Lavg → minimum average number of bits/symbol 

Also, Lavg ≥ H(X) 

 

Channel capacity, C = Blog2(1 + P/N0B) bits/sec 

B → Channel Bandwidth in Hz N0/2 → AWGN PSD limited to ‘B’ in Hz 

P → Average Transmitting Power 

 

 


