
 

Signals and Systems (ECE – 2155, BME-2155) 

 
1. Elementary signals      

 

Name Continuous time Discrete time 

Impulse function 𝛿(𝑡) = 0, 𝑡 ≠ 0 𝛿[𝑛] = {
1, 𝑛 = 0
0, 𝑛 ≠ 0

 

 

Unit step function u(t) = {
1, t ≥ 0
0, t < 0

 

 

𝑢[𝑛] = {
1, 𝑛 ≥ 0
0, 𝑛 < 0

 

 

Ramp 𝑟(t) = {
t, t ≥ 0
0, t < 0

 

 

𝑟[𝑛] = {
𝑛, 𝑛 ≥ 0
0, 𝑛 < 0

 

 

Exponential 𝑥(𝑡) = 𝑒𝑎𝑡 𝑥[𝑛] = 𝑎𝑛 

Sinusoid 𝑥(𝑡) = 𝑠𝑖𝑛(𝜔𝑡 + 𝜙) 𝑥[𝑛] = 𝑠𝑖𝑛(Ω𝑛 + 𝜃) 
Sinc function 

𝑠𝑖𝑛𝑐(𝜔0𝑡) =
𝑠𝑖𝑛(𝜋𝜔0𝑡)

𝜋𝜔0𝑡
 𝑠𝑖𝑛𝑐[Ω0𝑛] =

𝑠𝑖𝑛(𝜋Ω0𝑛)

𝜋Ω0𝑛
 

Rectangular pulse 
𝑥(𝑡) = {

1, |𝑡| ≤ 𝑇0
0, |𝑡| > 𝑇0 

 𝑥[𝑛] = {
1, |𝑛| ≤ 𝑀     
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

Triangular pulse 

Λ (
𝑡

𝜏
) = {

1 − |
𝑡

𝜏
| , 𝑡 ≤ |𝜏|

0, 𝑡 > |𝜏|
 Λ [

𝑛

𝑁
] = {1 −

|𝑛|

𝑁
, |𝑛| ≤ 𝑁

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒     
 

 

 

2. Important properties of signals 

 

 

Name 

Properties 

Continuous time Discrete time 

 

 

 

Impulse properties 

∫ 𝛿(𝑡)𝑑𝑡 = 1

∞

𝑡=−∞

 

∫ 𝑥(𝑡)𝛿(𝑡 − 𝑡0)𝑑𝑡 = 𝑥(𝑡0)

∞

𝑡=−∞

 

𝑥(𝑡)𝛿(𝑡 − 𝑡0) = 𝑥(𝑡0)𝛿(𝑡 − 𝑡0) 

𝛿(𝑎𝑡) =
1

|𝑎|
𝛿(𝑡) 

 

 

 

𝑥[𝑛]𝛿[𝑛 − 𝑛0] = 𝑥[𝑛0]𝛿[𝑛 − 𝑛0] 



 

 

Even and Odd 

symmetry 

𝑥𝑒(𝑡) = 𝑥𝑒(−𝑡) 

𝑥𝑜(𝑡) = −𝑥𝑜(−𝑡) 

𝑥𝑒(𝑡) =
𝑥(𝑡) + 𝑥(−𝑡)

2
 

𝑥𝑜(𝑡) =
𝑥(𝑡) − 𝑥(−𝑡)

2
 

𝑥𝑒[𝑛] = 𝑥𝑒[−𝑛] 

𝑥𝑜[𝑛] = −𝑥𝑜[−𝑛] 

𝑥𝑒[𝑛] =
𝑥[𝑛] + 𝑥[−𝑛]

2
 

𝑥𝑜[𝑛] =
𝑥[𝑛] − 𝑥[−𝑛]

2
 

Energy of non-

periodic signals 𝐸 = ∫ |𝑥(𝑡)|2𝑑𝑡

∞

𝑡=−∞

 𝐸 = ∑ |𝑥[𝑛]|2
∞

𝑛=−∞

 

Average Power of 

periodic signals 𝑃 =
1

𝑇
∫ |𝑥(𝑡)|2

𝑇/2

𝑡=−𝑇/2

𝑑𝑡 𝑃 =
1

𝑁
∑|𝑥[𝑛]|2
𝑁−1

𝑛=0

 

Linear combination 

of M signals ∑𝑎𝑖𝑥𝑖(𝑡)

𝑁

𝑖=1

 ∑𝑎𝑖𝑥𝑖[𝑛]

𝑁

𝑖=1

 

Convolution 

between two non-

periodic signals 
𝑥1(𝑡) ∗ 𝑥2(𝑡) = ∫ 𝑥1(𝜏)𝑥2(𝑡 − 𝜏)𝑑𝜏

∞

𝜏=−∞

 𝑥1[𝑛] ∗ 𝑥2[𝑛] = ∑ 𝑥1[𝑘]𝑥2[𝑛 − 𝑘]

∞

𝑘=−∞

 

 

 

      3. LTI system analysis 

 

 

Name 

Continuous time system 

𝑥(𝑡) ∶ 𝑖𝑛𝑝𝑢𝑡 

𝑦(𝑡) ∶ 𝑜𝑢𝑡𝑝𝑢𝑡 

ℎ(𝑡) ∶ 𝑖𝑚𝑝𝑢𝑙𝑠𝑒 𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒 

Discrete time system 

𝑥[𝑛] ∶ 𝑖𝑛𝑝𝑢𝑡 

𝑦[𝑛] ∶ 𝑜𝑢𝑡𝑝𝑢𝑡 

ℎ[𝑛] ∶ 𝑖𝑚𝑝𝑢𝑙𝑠𝑒 𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒 

 

Causality and stability 

in-terms of Impulse 

response 

Causality: ℎ(𝑡) = 0, 𝑡 < 0 

𝑠𝑡𝑎𝑏𝑖𝑙𝑖𝑡𝑦:∫ |ℎ(𝑡)|𝑑𝜏 < ∞
𝑡

𝑡=−∞

 

memoryless: ℎ(𝑡) = 𝑐𝛿(𝑡) 

Causality: ℎ[𝑛] = 0, 𝑛 < 0 

𝑠𝑡𝑎𝑏𝑖𝑙𝑖𝑡𝑦: ∑ |ℎ[𝑛]| < ∞

𝑛

𝑛=−∞

 

memoryless: ℎ[𝑛] = 𝑐𝛿[𝑛] 

Response to any input 𝑦(𝑡) = 𝑥(𝑡) ∗ ℎ(𝑡) 𝑦[𝑛] = 𝑥[𝑛] ∗ ℎ[𝑛] 



Step response 
𝑠(𝑡) = ∫ ℎ(𝜏)𝑑𝜏

𝑡

𝜏=−∞

 𝑠[𝑛] = ∑ ℎ[𝑛]

𝑛

𝑚=−∞

 

Differential/Difference 

equation description ∑𝑎𝑘
𝑑𝑘

𝑑𝑡𝑘
𝑦(𝑡)

𝑁

𝑘=0

= ∑𝑏𝑘
𝑑𝑘

𝑑𝑡𝑘
𝑥(𝑡) ; 𝑎0 ≠ 0

𝑀

𝑘=0

 ∑𝑎𝑘𝑦[𝑛 − 𝑘]

𝑁

𝑘=0

= ∑𝑏𝑘𝑥[𝑛 − 𝑘] ; 𝑎0 ≠ 0

𝑀

𝑘=0

 

 

 

4. Geometric Series Formulas 

    

1 

∑𝑎𝑛 =
1− 𝑎𝑀+1

1 − 𝑎

𝑀

𝑛=0

 

 

2 
∑𝑎𝑛 =

1

1 − 𝑎

∞

𝑛=0

 ,        |𝑎 < 1|   

 

3 

∑ 𝑎𝑛 =
𝑎𝑀1 − 𝑎𝑀2+1

1 − 𝑎

𝑀2

𝑛=𝑀1

 

 

4 

∑𝑛 =
𝑀(𝑀 + 1)

2

𝑀

𝑛=1

 

 

 

 

5. Fourier representation of signals        

             
Time domain representation Fourier representation 

 

𝑥(𝑡) = ∑ 𝑋(𝑘)𝑒𝑗𝑘𝜔0𝑡
∞

𝑘=−∞

 

 Continuous 

 Periodic 

 Period=T, 

Fundamental 

frequency 

𝜔0=2π/T 

rad/sec 

 

𝑋(𝑘) =
1

𝑇
∫ 𝑥(𝑡)

𝑇/2

𝑡=−𝑇/2

𝑒−𝑗𝑘𝜔0𝑡𝑑𝑡 

 

 Discrete 

 Non periodic 

 

 
 

FS 

𝑥(𝑡) =
1

2𝜋 
∫ 𝑋(𝑗𝜔)𝑒𝑗𝜔t𝑑𝜔
∞

𝜔=−∞

 
 Continuous 

 Non-Periodic 
𝑋(𝑗𝜔) = ∫ 𝑥(𝑡)𝑒−𝑗𝜔t𝑑𝑡

∞

𝑡=−∞

 
 Continuous 

 Non periodic 

FT 



 

 

𝑥[𝑛] = ∑ 𝑋(𝑘)𝑒𝑗𝑘Ω0𝑛

𝑘=<𝑁>

 

 Discrete 

 Periodic 

 Period=N, 

Fundamental 

frequency 
Ω0=2π/N rad 

 

 

𝑋(𝑘) =
1

𝑁
∑ 𝑥[𝑛]𝑒−𝑗𝑘Ω0𝑛

𝑛=<𝑁>

 

 

 Discrete 

 Periodic 

 Period=N 

 

 
 

DTFS 

𝑥[𝑛] =
1

2𝜋 
∫ 𝑋(Ω)𝑒𝑗Ω𝑛𝑑Ω
𝜋

Ω=−𝜋

 
 Discrete 

 Non- Periodic 𝑋(Ω) = ∑ 𝑥[𝑛]𝑒−𝑗Ω𝑛
∞

𝑛=−∞

 
 Continuous 

 Periodic  

 Period= 2π 

rad 

 

DTFT 

 

 

 

6. Properties of Fourier Representations  

 

6.1. Properties of Fourier Representation of Non-periodic signals 

 

Property Continuous time signals Discrete time signals 

Time domain Frequency domain (FT) Time domain Frequency domain 

(DTFT) 

Notation 𝑥(𝑡) 
𝑥𝑖(𝑡) 

𝑋(𝑗𝜔) 
𝑋𝑖(𝑗𝜔) 

𝑥[𝑛] 
𝑥𝑖[𝑛] 

𝑋(Ω) 
𝑋𝑖(Ω) 

Linearity 

∑𝑎𝑖𝑥𝑖(𝑡)

𝑁

𝑖=1

 ∑𝑎𝑖

𝑁

𝑖=1

𝑋𝑖(𝑗𝜔) ∑𝑎𝑖𝑥𝑖[𝑛]

𝑁

𝑖=1

 ∑𝑎𝑖

𝑁

𝑖=1

𝑋𝑖(Ω) 

Time shifting 𝑥(𝑡 − 𝑡0) 𝑒−𝑗𝜔𝑡0𝑋(𝑗𝜔) 
 

𝑥[𝑛 − 𝑛0] 𝑒−𝑗Ω𝑛0𝑋(Ω) 
 

Frequency 

shift 

𝑒𝑗𝛾𝑡𝑥(𝑡) 
 

𝑋(𝑗(𝜔− 𝛾)) 𝑒𝑗Γn𝑥[𝑛] 
 

𝑋(Ω − Γ) 
 

Time 

reversal 
𝑥(−𝑡) 𝑋(−𝑗𝜔) 𝑥[−𝑛] 𝑋(−Ω) 

Correlation 𝑟𝑥1𝑥2(𝜏)

= 𝑥1(𝜏) ∗ 𝑥2(−𝜏) 
𝑋1(𝑗𝜔)𝑋2(−𝑗𝜔) 𝑟𝑥1𝑥2[𝑙]

= 𝑥1[𝑙] ∗ 𝑥2[−𝑙] 
𝑋1(Ω)𝑋2(−Ω) 

Differentiation 

in time 

𝑑

𝑑𝑡
𝑥(𝑡) 

𝑗𝜔𝑋(𝑗𝜔) -- -- 

Differentiation 
in frequency 

−𝑗𝑡𝑥(𝑡) 𝑑

𝑑𝜔
𝑋(𝑗𝜔) −𝑗𝑛𝑥[𝑛] 𝑑

𝑑Ω
𝑋(Ω) 

Integration 

/summation ∫ 𝑥(𝜏)𝑑𝜏
𝑡

𝜏=−∞

 
𝑋(𝑗𝜔)

j𝜔
+ 𝜋𝑋(𝑗0)𝛿(𝜔) ∑ 𝑥[𝑙]

𝑛

𝑚=−∞

 

𝑋(Ω)

1 − 𝑒𝑗Ω

+ 𝜋𝑋(Ω) ∑ 𝛿(Ω

∞

𝑚=−∞

−𝑚2𝜋) 
Convolution 𝑥1(𝑡) ∗ 𝑥2(𝑡) 𝑋1(𝑗𝜔)𝑋2(𝑗𝜔) 𝑥1[𝑛] ∗ 𝑥2[𝑛] 𝑋1(Ω)𝑋2(Ω) 

Multiplication 𝑥1(𝑡)𝑥2(𝑡) 1

2𝜋
∫ 𝑋1(𝑗𝜗)𝑋2(𝑗(𝜔− 𝜗))𝑑𝜗

∞

𝜗=−∞

 
𝑥1[𝑛]𝑥2[𝑛] 1

2𝜋
∫ 𝑋1(𝜆)𝑋2(Ω− 𝜆)𝑑𝜆

𝜋

𝜆=−𝜋

 



 

Symmetry 
𝑥(𝑡)  𝑟𝑒𝑎𝑙 𝑋∗(𝑗𝜔) = 𝑋(−𝑗𝜔) 𝑥[𝑛]  𝑟𝑒𝑎𝑙 𝑋∗(Ω) = 𝑋(−Ω) 
𝑥(𝑡)  𝑖𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦 𝑋∗(𝑗𝜔) = −𝑋(−𝑗𝜔) 𝑥[𝑛] 𝑖𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦 𝑋∗(Ω) = −𝑋(−Ω) 
𝑥(𝑡)  𝑟𝑒𝑎𝑙 & 𝑒𝑣𝑒𝑛 𝐼𝑚{𝑋(𝑗𝜔)} = 0 𝑥[𝑛] 𝑟𝑒𝑎𝑙 & 𝑒𝑣𝑒𝑛 𝐼𝑚{𝑋(Ω)} = 0 

𝑥(𝑡)  𝑟𝑒𝑎𝑙 & 𝑜𝑑𝑑 𝑅𝑒{𝑋(𝑗𝜔)} = 0 𝑥(𝑛)  𝑟𝑒𝑎𝑙 & 𝑜𝑑𝑑 𝑅𝑒{𝑋(Ω)} = 0 

Parseval’s 

Theorem ∫ |𝑥(𝑡)|2𝑑𝑡 =
1

2𝜋
∫ |𝑋(𝑗𝜔)|2𝑑Ω

∞

Ω=−∞

∞

𝑡=−∞

 ∑ |𝑥[𝑛]|2
∞

𝑛=−∞

=
1

2𝜋
∫ |𝑋(Ω)|2𝑑𝜔

𝜋

ω=−𝜋

 

Duality 
𝑋(𝑗𝑡)

           𝐹𝑇          
↔        2𝜋𝑥(−𝜔) 𝑥[𝑛]

           𝐷𝑇𝐹𝑇          
↔          𝑋(𝑒𝑗Ω) 

𝑋(𝑒𝑗𝑡)
           𝐹𝑆;1          
↔         𝑥[−𝑘] 

 

6.2. Properties of Fourier Representation of periodic signals: 

    Continuous time signal: Periodic, Period=T, Fundamental frequency 𝜔0 =
2𝜋

𝑇
 𝑟𝑎𝑑𝑖𝑎𝑛/𝑠𝑒𝑐 

Discrete time signal: Periodic, Period=N, Fundamental frequency Ω0 =
2𝜋

𝑁
 𝑟𝑎𝑑𝑖𝑎𝑛  

 

Property Continuous time signals Discrete time signals 

Time domain Frequency domain 

(FS) 

Time domain Frequency domain 

(DTFS) 

Notation 𝑥(𝑡) 
𝑥𝑖(𝑡) 

𝑋(𝑘) 
𝑋𝑖(𝑘) 

𝑥[𝑛] 
𝑥𝑖[𝑛] 

𝑋(𝑘) 
𝑋𝑖(𝑘) 

Linearity 

∑𝑎𝑖𝑥𝑖(𝑡)

𝑁

𝑖=1

 ∑𝑎𝑖

𝑁

𝑖=1

𝑋𝑖(𝑘) ∑𝑎𝑖𝑥𝑖[𝑛]

𝑁

𝑖=1

 ∑𝑎𝑖

𝑁

𝑖=1

𝑋𝑖(𝑘) 

Time shifting 𝑥(𝑡 − 𝑡0) 
 

𝑒−𝑗𝑘𝜔0𝑡0𝑋(𝑘) 
 

𝑥[𝑛 − 𝑛0] 𝑒−𝑗𝑘Ω0𝑛0𝑋(𝑘) 
 

Frequency 

shift 

𝑒𝑗𝑘0𝜔0𝑡𝑥(𝑡) 
 

𝑋(𝑘 − 𝑘0) 𝑒𝑗𝑘0Ω0n𝑥[𝑛] 
 

𝑋(𝑘 − 𝑘0) 
 

Differentiation 

in time 

𝑑

𝑑𝑡
𝑥(𝑡) 

𝑗𝑘𝜔0𝑋(𝑘) -- -- 

Convolution 𝑥1(𝑡) ∗ 𝑥2(𝑡) 𝑇𝑋1(𝑘)𝑋2(𝑘) 𝑥1[𝑛] ∗ 𝑥2[𝑛] 𝑁𝑋1(𝑘)𝑋2(𝑘) 
Multiplication 𝑥1(𝑡)𝑥2(𝑡) 

∑ 𝑋1(𝑙)𝑋2(𝑘 − 𝑙)

∞

𝑙=−∞

 
𝑥1[𝑛]𝑥2[𝑛] 

∑𝑋1(𝑙)𝑋2(𝑘 − 𝑙)

𝑁−1

𝑙=0

 

 

Symmetry 
𝑥(𝑡)  𝑟𝑒𝑎𝑙 𝑋∗(𝑘) = 𝑋(−𝑘) 𝑥[𝑛]  𝑟𝑒𝑎𝑙 𝑋∗(𝑘) = 𝑋(−𝑘) 

𝑥(𝑡)  𝑖𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦 𝑋∗(𝑘) = −𝑋(−𝑘) 𝑥[𝑛] 𝑖𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦 𝑋∗(𝑘) = −𝑋(−𝑘) 

𝑥(𝑡)  𝑟𝑒𝑎𝑙 & 𝑒𝑣𝑒𝑛 𝐼𝑚{𝑋(𝑘)} = 0 𝑥[𝑛] 𝑟𝑒𝑎𝑙 & 𝑒𝑣𝑒𝑛 𝐼𝑚{𝑋(𝑘)} = 0 

𝑥(𝑡)  𝑟𝑒𝑎𝑙 & 𝑜𝑑𝑑 𝑅𝑒{𝑋(𝑘)} = 0 𝑥[𝑛]  𝑟𝑒𝑎𝑙 & 𝑜𝑑𝑑 𝑅𝑒{𝑋(𝑘)} = 0 

Parseval’s 

Theorem 
1

𝑇
∫|𝑥(𝑡)|2𝑑𝑡 = ∑ |𝑋(𝑘)|2

∞

𝑘=−∞

𝑇

𝑡=0

 
1

𝑁
∑|𝑥[𝑛]|2
𝑁−1

𝑛=0

= ∑|𝑋(𝑘)|2
𝑁−1

𝑘=0

 

Duality 
𝑥[𝑛]

           𝐷𝑇𝐹𝑇          
↔          𝑋(𝑒𝑗𝜔) 

𝑋(𝑒𝑗𝑡)
           𝐹𝑆;1          
↔         𝑥[−𝑘] 

𝑋[𝑛]
           𝐷𝑇𝐹𝑆;  𝜔0      
↔            

1

𝑁
𝑥[−𝑘] 

 

 



6.3. Relating different Fourier representations: 

 

       Let 

        g(𝑡)
               𝐹𝑆;  𝜔0=

2𝜋

𝑇
            

↔                𝐺[𝑘] 

       𝑣[𝑛]
                        𝐷𝑇𝐹𝑇          
↔               𝑉(𝜔) 

       𝑤[𝑛]
           𝐷𝑇𝐹𝑆; Ω0=

2𝜋

𝑁
      

↔               𝑊[𝑘] 
 

   6.3.1. FT representation for a continuous-time periodic signal 

 

𝑔(𝑡)
           𝐹𝑇          
↔        𝐺(𝑗𝜔) = 2𝜋 ∑ 𝐺[𝑘]

∞

𝑘=−∞

𝛿(𝜔 − 𝑘ω0) 

 

    

6.3.2. DTFT representation for a discrete-time periodic signal 

𝑤[𝑛]
           𝐷𝑇𝐹𝑇          
↔          𝑊(Ω) = 2𝜋 ∑ 𝑊[𝑘]

∞

𝑘=−∞

𝛿(Ω− 𝑘Ω0) 

 

    

6.3.3 FT representation for a discrete-time periodic signal 

∑ 𝑣[𝑛]

∞

𝑛=−∞

𝛿(𝑡 − 𝑛𝑇𝑠)
      𝐹𝑇        
↔     𝑉𝛿(𝑗ω) = ∑ 𝑣[𝑛]𝑒−𝑗𝜔𝑛𝑇𝑠

∞

𝑛=−∞

 

                                          (𝑇𝑠 𝑖𝑠 𝑎 𝑓𝑖𝑥𝑒𝑑 𝑛𝑢𝑚𝑏𝑒𝑟) 
 

 

 

 

7. Sampling: 

 

     Continuous time signal x(t) with FT 𝑋(𝑗𝜔) is sampled at sampling interval Ts to get 𝑥𝛿(𝑡) 

       

𝑥𝛿(𝑡) = ∑ 𝑥[𝑛𝑇𝑠]

∞

𝑛=−∞

𝛿(𝑡 − 𝑛𝑇𝑠)
      𝐹𝑇      
↔     𝑋𝛿(𝑗𝜔) =

1

𝑇𝑠
∑ 𝑋(𝑗 (𝜔 − 𝑘

2𝜋

𝑇𝑠
))

∞

𝑘=−∞

 

 

 

 

 

 

 

 

 



8. Basic DTFS pairs 

 

Time domain  Frequency domain 

𝑥(𝑛) = ∑ 𝑋(𝑘)𝑒𝑗𝑘Ω0𝑛

𝑘=<𝑁>

 

 

Period = N 

𝑋(𝑘) =
1

𝑁
∑ 𝑥[𝑛]𝑒−𝑗𝑘Ω0𝑛

𝑛=<𝑁>

 

Ω0 =
2𝜋

𝑁
 

𝑥[𝑛] = {
1, |𝑛| ≤ 𝑀                  

 0,    𝑀 < |𝑛| ≤
𝑁

2
      

 

𝑥[𝑛] = 𝑥[𝑛 + 𝑁] 

𝑋(𝑘) =

𝑠𝑖𝑛 (𝑘
Ω0
2
(2𝑀 + 1))

𝑁 𝑠𝑖𝑛 (𝑘
Ω0
2
)

 

𝑥[𝑛] = 𝑒𝑗𝑝Ω0𝑛 𝑋[𝑘] = {
1, 𝑘 = 𝑝, 𝑝 ± 𝑁, 𝑝 ± 2𝑁……       
 0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                                    

 

𝑥[𝑛] = 𝑐𝑜𝑠(𝑝Ω0𝑛) 
𝑋(𝑘) = {

1

2
, 𝑘 = ±𝑝,±𝑝 ± 𝑁,±𝑝 ± 2𝑁……    

 0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                                    
 

𝑥[𝑛] = 𝑠𝑖𝑛(𝑝Ω0𝑛) 

𝑋(𝑘) =

{
 
 

 
 
1

2𝑗
, 𝑘 = 𝑝,𝑝 ± 𝑁,𝑝 ± 2𝑁……           

−1

2𝑗
, 𝑘 = −𝑝,−𝑝 ± 𝑁,−𝑝 ± 2𝑁…… 

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                                             

 

𝑥[𝑛] = 1 𝑋[𝑘] = {
1, 𝑘 = 0, ±𝑁,±2𝑁……                 
 0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                                    

 

𝑥[𝑛] = ∑ 𝛿[𝑛 − 𝑝𝑁]

∞

𝑝=−∞

 
𝑋(𝑘) =

1

𝑁
 

 

9. Basic FS pairs 

Time domain  Frequency domain 

𝑥(𝑡) = ∑ 𝑋(𝑘)𝑒𝑗𝑘𝜔0𝑡
∞

𝑘=−∞

 

 

Period = T 

𝑋(𝑘) =
1

𝑇
∫ 𝑥(𝑡)

𝑇
2

𝑡=−
𝑇
2

𝑒−𝑗𝑘𝜔0𝑡𝑑𝑡 

𝜔0 =
2𝜋

𝑇
 

𝑥(𝑡) = {
1, |𝑡| ≤ 𝑇0        

0, 𝑇0 < |𝑡| ≤
𝑇

2

 𝑋(𝑘) =
𝑠𝑖𝑛(𝑘𝜔0𝑇0)

𝑘𝜋
 

𝑥(𝑡) = 𝑒𝑗𝑝𝜔0𝑡 𝑋(𝑘) = 𝛿[𝑘 − 𝑝] 

𝑥(𝑡) = 𝑐𝑜𝑠(𝑝𝜔0𝑡) 𝑋(𝑘) =
1

2
𝛿[𝑘 − 𝑝] +

1

2
𝛿[𝑘 + 𝑝] 

𝑥(𝑡) = 𝑠𝑖𝑛(𝑝𝜔0𝑡) 𝑋(𝑘) =
1

2𝑗
𝛿[𝑘 − 𝑝] −

1

2𝑗
𝛿[𝑘 + 𝑝] 

𝑥(𝑡) = ∑ 𝛿(𝑡 − 𝑝𝑇)

∞

𝑝=−∞

 𝑋(𝑘) =
1

𝑇
 



10. Basic DTFT pairs 

 

Time domain  Frequency domain 

𝑥(𝑛) =
1

2𝜋 
∫ 𝑋(Ω)𝑒𝑗Ω𝑛𝑑Ω
𝜋

Ω=−𝜋

 𝑋(Ω) = ∑ 𝑥[𝑛]𝑒−𝑗Ω𝑛
∞

𝑛=−∞

 

𝑥[𝑛] = {
1, |𝑛| ≤ 𝑀     
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 
𝑋(Ω) =

𝑠𝑖𝑛 [Ω(
2𝑀 + 1
2

)]

𝑠𝑖𝑛 (
Ω
2
)

 

𝑥[𝑛] = 𝑎𝑛𝑢[𝑛],        |𝑎| < 1 
𝑋(Ω) =

1

1 − 𝑎𝑒−𝑗Ω
 

𝑥[𝑛] = 𝛿[𝑛] 𝑋(Ω) = 1 

𝑥[𝑛] = 𝑢[𝑛] 
𝑋(Ω) =

1

1 − 𝑒−𝑗Ω
+ 𝜋 ∑ 𝛿(Ω − 2πp)

∞

𝑝=−∞

 

𝑥[𝑛] =
1

𝜋𝑛
𝑠𝑖𝑛(𝑊𝑛),    0 < 𝑊 < 𝜋 𝑋(Ω) = {

1, |Ω| ≤ 𝑊         
0,𝑊 < |Ω| ≤ 𝜋

            𝑋(Ω) 𝑖𝑠 2𝜋 𝑝𝑒𝑟𝑖𝑜𝑑𝑖𝑐   

𝑥[𝑛] = (𝑛 + 1)𝑎𝑛𝑢[𝑛] 
𝑋(Ω) =

1

(1 − 𝑎𝑒−𝑗Ω)2
 

𝑥[𝑛] = 𝑐𝑜𝑠(Ω0𝑛) 
𝑋(Ω) = 𝜋 ∑ 𝛿(Ω−Ω0 − 𝑘2𝜋)+ 𝛿(Ω +Ω0 −𝑘2𝜋)

∞

𝑘=−∞

 

𝑥[𝑛] =  𝑠𝑖𝑛(Ω0𝑛) 
𝑋(Ω) =

𝜋

𝑗
∑ 𝛿(Ω−Ω0 − 𝑘2𝜋)− 𝛿(Ω +Ω0 −𝑘2𝜋)

∞

𝑘=−∞

 

𝑥[𝑛] = 𝑒Ω0𝑛 
𝑋(Ω) = 2𝜋 ∑ 𝛿(Ω−Ω0 − 𝑘2𝜋)

∞

𝑘=−∞

 

𝑥[𝑛] = ∑ 𝛿(𝑛 − 𝑘𝑁)

∞

𝑘=−∞

 𝑋(Ω) =
2𝜋

𝑁
∑ 𝛿 (Ω− 𝑘

2𝜋

𝑁
)

∞

𝑘=−∞

 

 

 

11. Basic FT pairs 

 

Time domain  Frequency domain 

𝑥(𝑡) =
1

2𝜋 
∫ 𝑋(𝑗𝜔)𝑒𝑗𝜔t𝑑𝜔
∞

𝜔=−∞

 𝑋(𝑗𝜔) = ∫ 𝑥(𝑡)𝑒−𝑗𝜔t𝑑𝑡
∞

𝑡=−∞

 

𝑥(𝑡) = {
1, |𝑡| ≤ 𝑇0
0, |𝑡| > 𝑇0 

 𝑋(𝑗𝜔) =
2𝑠𝑖𝑛(𝜔𝑇0)

𝜔
 

𝑥(𝑡) =
1

𝜋𝑡
𝑠𝑖𝑛(𝑊𝑡) 𝑋(𝑗𝜔) = {

1, |𝜔| ≤ W    
0, otherwise 

 

𝑥(𝑡) = 𝛿(𝑡) 𝑋(𝑗𝜔) = 1 

𝑥(𝑡) = 1 𝑋(𝑗𝜔) = 2𝜋𝛿(𝜔) 

𝑥(𝑡) = 𝑢(𝑡) 
𝑋(𝑗𝜔) =

1

𝑗𝜔
+ 𝜋𝛿(𝜔) 

𝑥(𝑡) = 𝑒−𝑎𝑡𝑢(𝑡)     𝑅𝑒{𝑎} > 0 
𝑋(𝑗𝜔) =

1

𝑎 + 𝑗𝜔
 



𝑥(𝑡) = 𝑡𝑒−𝑎𝑡𝑢(𝑡),     𝑅𝑒{𝑎} > 0 
𝑋(𝑗𝜔) =

1

(𝑎 + 𝑗𝜔)2
 

𝑥(𝑡) = 𝑒−𝑎|𝑡|,     𝑎 > 0 𝑋(𝑗𝜔) =
2𝑎

𝑎2 +𝜔2
 

𝑥(𝑡) =
1

√2𝜋
𝑒−𝑡

2/2 
𝑋(𝑗𝜔) = 𝑒−𝜔

2/2 

𝑥(𝑡) = 𝑐𝑜𝑠(𝜔0𝑡) 𝑋(𝑗𝜔) = 𝜋𝛿(𝜔 −𝜔0) + 𝜋𝛿(𝜔 +𝜔0) 

𝑥(𝑡) = 𝑠𝑖𝑛(𝜔0𝑡) 𝑋(𝑗𝜔) =
𝜋

𝑗
𝛿(𝜔 − 𝜔0) −

𝜋

𝑗
𝛿(𝜔 + 𝜔0) 

𝑥(𝑡) = 𝑒𝑗𝜔0𝑡 𝑋(𝑗𝜔) = 2𝜋𝛿(𝜔 − 𝜔0) 

𝑥(𝑡) = ∑ 𝛿(𝑡 − 𝑛𝑇𝑠)

∞

𝑛=−∞

 𝑋(𝑗𝜔) =
2𝜋

𝑇𝑠
∑ 𝛿(𝜔− 𝑘

2𝜋

𝑇𝑠
)

∞

𝑘=−∞

 

 

 

12. Some common Laplace transform pairs: 

 

                  Signal 

𝑥(𝑡) =
1

2𝜋𝑗
∫ 𝑋(𝑠)𝑒𝑠𝑡𝑑𝑠

𝜎+𝑗∞

𝜎−𝑗∞

 

          Transform 

𝑋(𝑠) = ∫ 𝑥(𝑡)𝑒−𝑠𝑡𝑑𝑡

∞

𝑡=−∞

 

 

 

ROC 

 

𝑢(𝑡) 1

𝑠
 

𝑅𝑒{𝑠} > 0 

−𝑢(−𝑡) 1

𝑠
 

𝑅𝑒{𝑠} < 0 

𝑡𝑢(𝑡) 1

𝑠2
 

𝑅𝑒{𝑠} > 0 

−𝑡𝑢(−𝑡) 1

𝑠2
 

𝑅𝑒{𝑠} < 0 

𝛿(𝑡 − 𝜏)  𝑒−𝑠𝜏 for all s 

𝑒−𝑎𝑡𝑢(𝑡) 1

𝑠 + 𝑎
 

𝑅𝑒{𝑠} > −𝑎 

−𝑒−𝑎𝑡𝑢(−𝑡) 1

𝑠 + 𝑎
 

𝑅𝑒{𝑠} < −𝑎 

𝑡𝑒−𝑎𝑡𝑢(𝑡) 1

(𝑠 + 𝑎)2
 

𝑅𝑒{𝑠} > −𝑎 

−𝑡𝑒−𝑎𝑡𝑢(−𝑡) 1

(𝑠 + 𝑎)2
 

𝑅𝑒{𝑠} < −𝑎 

𝑐𝑜𝑠(𝜔0𝑡)𝑢(𝑡) 
𝑠

𝑠2 + 𝜔02
 𝑅𝑒{𝑠} > 0 

𝑠𝑖𝑛(𝜔0𝑡)𝑢(𝑡) 
𝜔0

𝑠2 + 𝜔02
 𝑅𝑒{𝑠} > 0 

𝑒−𝑎𝑡𝑐𝑜𝑠(𝜔0𝑡)𝑢(𝑡) 𝑠 + 𝑎

(𝑠 + 𝑎)2 + 𝜔02
 

𝑅𝑒{𝑠} > −𝑎 

𝑒−𝑎𝑡𝑠𝑖𝑛(𝜔0𝑡)𝑢(𝑡) 
𝜔0

(𝑠 + 𝑎)2 + 𝜔02
 𝑅𝑒{𝑠} > −𝑎 



13. Laplace Transform properties: 

 

 

 

Signal 

Unilateral Transform 

𝑥(𝑡)
               ℒ𝑢            
↔          𝑋(𝑠) 

𝑦(𝑡)
                ℒ𝑢            
↔          𝑌(𝑠) 

 

Bilateral Transform 

𝑥(𝑡)
               ℒ            
↔         𝑋(𝑠) 

𝑦(𝑡)
               ℒ            
↔         𝑌(𝑠) 

 

ROC 

𝑠 ∈ 𝑅𝑥 

𝑠 ∈ 𝑅𝑦 

 

𝑎𝑥(𝑡)
+ 𝑏𝑦(𝑡) 

𝑎𝑋(𝑠) + 𝑏𝑌(𝑠) 𝑎𝑋(𝑠) + 𝑏𝑌(𝑠) 𝑎𝑡𝑙𝑒𝑎𝑠𝑡 𝑅𝑥 ∩ 𝑅𝑦  

𝑥(𝑡 − 𝜏) 𝑒−𝑠𝜏𝑋(𝑠) 
   
𝑖𝑓 𝑥(𝑡 − 𝜏)𝑢(𝑡) = 𝑥(𝑡 − 𝜏)𝑢(𝑡 − 𝜏) 

𝑒−𝑠𝜏𝑋(𝑠) 𝑅𝑥 

𝑒𝑠0𝑥(𝑡) 𝑋(𝑠 − 𝑠0) 𝑋(𝑠 − 𝑠0) 𝑅𝑥 + 𝑅𝑒{𝑠0} 
𝑥(𝑎𝑡) 1

𝑎
𝑋 (
𝑠

𝑎
) ,   𝑎 > 0 

1

|𝑎|
𝑋 (
𝑠

𝑎
) 

𝑅𝑥
|𝑎|

 

𝑥(𝑡) ∗ 𝑦(𝑡) 𝑋(𝑠)𝑌(𝑠) 
𝑖𝑓 𝑥(𝑡) = 𝑦(𝑡) = 0    𝑓𝑜𝑟 𝑡 < 0 

𝑋(𝑠)𝑌(𝑠) 𝑎𝑡𝑙𝑒𝑎𝑠𝑡 𝑅𝑥 ∩ 𝑅𝑦  

−𝑡𝑥(𝑡) 𝑑

𝑑𝑠
𝑋(𝑠) 

𝑑

𝑑𝑠
𝑋(𝑠) 

𝑅𝑥 

𝑑

𝑑𝑡
𝑥(𝑡) 

𝑠𝑋(𝑠) − 𝑥(0−) 𝑠𝑋(𝑠) 𝑎𝑡𝑙𝑒𝑎𝑠𝑡 𝑅𝑥 

∫ 𝑥(𝜏)𝑑𝜏

𝑡

𝜏=−∞

 
1

𝑠
∫ 𝑥(𝜏)𝑑𝜏 +

0−

𝜏=−∞

𝑋(𝑠)

𝑠
 

𝑋(𝑠)

𝑠
 

𝑎𝑡𝑙𝑒𝑎𝑠𝑡 𝑅𝑥 ∩ {𝑅𝑒{𝑠} > 0} 

 

 

14. Some common z-Transform pairs 

 

Signal x[n] Transform X(z)  

𝑥[𝑛] =
1

2𝜋𝑗
∮𝑋(𝑧)𝑧𝑛−1𝑑𝑧 𝑋(𝑧) = ∑ 𝑥[𝑛]𝑧−𝑛

∞

𝑛=−∞

 
 

ROC 

𝛿[𝑛] 1 All z 

𝑢[𝑛] 1

1 − 𝑧−1
 

|𝑧| > 1 

𝑎𝑛𝑢[𝑛] 1

1 − 𝑎𝑧−1
 

|𝑧| > |𝑎| 

𝑛𝑢[𝑛] 𝑧−1

(1 − 𝑧−1)2
 

|𝑧| > 1 

𝑛𝑎𝑛𝑢[𝑛] 𝑎𝑧−1

(1 − 𝑎𝑧−1)2
 

|𝑧| > |𝑎| 

−𝑢[−𝑛 − 1] 1

1 − 𝑧−1
 

|𝑧| < 1 

−𝑎𝑛𝑢[−𝑛 − 1] 1

1 − 𝑎𝑧−1
 

|𝑧| < |𝑎| 



−𝑛𝑎𝑛𝑢[−𝑛 − 1] 𝑎𝑧−1

(1 − 𝑎𝑧−1)2
 

|𝑧| < |𝑎| 

𝑐𝑜𝑠[Ω0𝑛]𝑢[𝑛] 1 − 𝑧−1𝑐𝑜𝑠(Ω0)

1 − 2𝑧−1𝑐𝑜𝑠(Ω0) + 𝑧−2
 

|𝑧| > 1 

𝑠𝑖𝑛[Ω0𝑛]𝑢[𝑛] 𝑧−1𝑠𝑖𝑛(Ω0)

1 − 2𝑧−1𝑐𝑜𝑠(Ω0) + 𝑧−2
 

|𝑧| > 1 

𝑎𝑛𝑐𝑜𝑠[Ω0𝑛]𝑢[𝑛] 1 − 𝑎𝑧−1𝑐𝑜𝑠(Ω0)

1 − 2𝑎𝑧−1𝑐𝑜𝑠(Ω0) + 𝑎2𝑧−2
 
|𝑧| > |𝑎| 

𝑎𝑛𝑠𝑖𝑛[Ω0𝑛]𝑢[𝑛] 𝑎𝑧−1𝑠𝑖𝑛(Ω0)

1 − 2𝑎𝑧−1𝑐𝑜𝑠(Ω0) + 𝑎 𝑧−2
 
|𝑧| > |𝑎| 

 

 

15. z-Transform Properties: 

 
Property Time Domain z-Domain ROC 

Notation 𝑥[𝑛] 
𝑥𝑖[𝑛] 

𝑋(𝑧) 
𝑋𝑖(𝑧) 

ROC: 𝑟2 < |𝑧| < 𝑟1 
ROCi  

Linearity 

∑𝑎𝑖𝑥𝑖[𝑛]

𝑁

𝑖=1

 ∑𝑎𝑖𝑋𝑖[𝑧]

𝑁

𝑖=1

 

At least intersection of ROCi  

 
Time shifting 

 

𝑥[𝑛 − 𝑘] 
 

 

𝑧−𝑘𝑋(𝑧) 
 

That of 𝑋(𝑧), except 

Z = 0 if k>0 and z = ∞ if k<0   

 

Scaling in z-domain 𝑎𝑛𝑥[𝑛] 
 

𝑋 (
𝑧

𝑎
) |𝑎|𝑟2 < |𝑧| < |𝑎|𝑟1 

Time reversal 𝑥[−𝑛] 
 

𝑋(𝑧−1) 1

𝑟1
< |𝑧| <

1

𝑟2
 

Conjugation 𝑥∗[𝑛] 𝑋∗(𝑧∗) ROC 

Real part 𝑅𝑒{𝑥[𝑛]} 
 

1

2
[𝑋(𝑧) + 𝑋∗(𝑧∗)] 

Includes ROC 

Imaginary part 𝐼𝑚{𝑥[𝑛]} 
 

1

2
[𝑋(𝑧) − 𝑋∗(𝑧∗)] 

Includes ROC 

Differentiation in z-
domain 

𝑛𝑥[𝑛] 
 

−𝑧
𝑑

𝑑𝑧
𝑋(𝑧) 

𝑟2 < |𝑧| < 𝑟1 

Convolution 𝑥1[𝑛] ∗ 𝑥2[𝑛] 𝑋1(𝑧)𝑋2(𝑧) 𝑎𝑡𝑙𝑒𝑎𝑠𝑡 𝑅𝑂𝐶1 ∩ 𝑅𝑂𝐶2 

Multiplication 𝑥1[𝑛]𝑥2[𝑛] 1

2𝜋𝑗
∮𝑋1(𝜗)𝑋2 (

𝑧

𝜗
)𝜗−1𝑑𝜗 

𝑎𝑡𝑙𝑒𝑎𝑠𝑡 𝑟1𝑙𝑟2𝑙 < |𝑧| < 𝑟1𝑢𝑟2𝑢 

Initial value theorem 𝐼𝑓𝑥[𝑛]𝑖𝑠 𝑐𝑎𝑢𝑠𝑎𝑙 
 

𝑥[0] = lim
𝑧→∞

𝑋(𝑧)  

 
Parseval’s relation ∑ 𝑥1[𝑛]𝑥2

∗[𝑛]

∞

𝑛=−∞

=
1

2𝜋𝑗
∮𝑋1(𝜗)𝑋2

∗ (
1

𝜗∗
)𝜗−1𝑑𝜗 

 


